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A B S T R A C T   

We combine design-based implementation research with a pre-registered RCT to address a long-standing chal
lenge in psychological science: How to use psychological principles to address real-world problems while 
designing and implementing interventions in the field. We posit this as a design methodology for optimizing the 
translation between psychological science and real-world applications. We tested the efficacy of an extensively 
co-designed version of a game-based rational number intervention, Fraction Ball, versus “business-as-usual” 
math instruction and physical education in a sample of 4th/5th grade Latine students (N = 360). Insights from 
nine co-design sessions with 20 teachers informed revisions and additions to a previous version of Fraction Ball, 
strengthening impacts across 10 of 12 rational number subtests. This methodology provides insights for trans
lating psychological science research and scaling it to address real-world educational needs, such as play-based 
interventions that improve rational number understanding in authentic contexts.   

1. Introduction 

The kinds of scientific evidence provided by basic psychological 
research employing randomized control trial (RCT) approaches may not 
translate or scale effectively to create tools, programs, or initiatives that 
improve society (IJzerman et al., 2020; Lewis, 2021). Many theoretically 
informed interventions for improving students’ learning and cognition 
have been found to be effective when delivered by researchers in 
controlled settings (Alibali & Knuth, 2018; Wenger, 1999), but have 
failed to replicate at scale (Lortie-Forgues & Inglis, 2019) or make in
roads into educational settings (Pomerance et al., 2016). Current 
methodological approaches have been criticized for using non- 
representative convenience samples, lack of replication, stimuli that 
do not generalize to everyday settings, negligible effect sizes, and fail
ures to account for the cultural, historical, political, and structural 

factors that are at play in translating scientific findings to real-world 
contexts (IJzerman et al., 2020). 

In education, design-based implementation research (DBIR) ap
proaches have become an increasingly popular methodology for 
addressing several of these challenges, largely overlooked in many 
program evaluations (Penuel et al., 2011). In contrast to many RCT 
studies in controlled settings that aim to develop generalizable knowl
edge, DBIR approaches are oriented towards designing and testing in
terventions that are adapted to local contexts and needs through a 
process of co-design with the users (in our case, teachers and students; 
Design-Based Research Collective, 2003). Co-design entails the creation 
of interventions by a highly-facilitated team of educators and re
searchers with predefined roles. The aim is to co-develop a prototype 
and qualitatively evaluate its import to address an educational need 
(Penuel et al., 2007). Yet, most DBIR studies do not utilize methods that 
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estimate causal effects of interventions on outcomes, hindering the 
generalizability of principles uncovered through typical DBIR 
(McCandlis et al., 2003). 

The current study presents a two-step cyclical process that sheds light 
on how these different but complementary approaches may combine to 
create usable interventions tailored to local contexts and needs. This 
approach is grounded in research and rigorously evaluated to assess 
effectiveness. We report the results of a program of research combining 
DBIR and an RCT evaluation in a field experiment. The approach taken 
to intervention design and evaluation addresses several issues discussed 
by IJzerman et al. (2020). Specifically, our research includes historically 
underrepresented populations, incorporates everyday contexts and real- 
world stimuli, and responds to cultural and structural factors present in 
authentic educational settings. Furthermore, our approach evaluates the 
efficacy of the intervention we co-designed with educators, using a well- 
powered, internally valid RCT design implemented in public schools. 

In this study, we employ a combination of DBIR and RCT method
ologies to build on a single previous pilot and efficacy study of Fraction 
Ball–an outdoor play-based math intervention (referred to as pilot study 
hereafter). We aimed to apply insights from psychological science in 
complex environments where cognitive processes interact with dynamic 
social, cultural, and structural factors through the integration of teacher 
expertise and psychological science literature. In Fraction Ball, the 
traditional basketball court and rules have been reconstructed to sup
port students’ mental representations of rational numbers on a number 
line. In two pilot experiments, Fraction Ball generated positive impacts 
on students’ rational number knowledge and conversions between 
fractions and decimals at one school site (see Fig. 1; Bustamante et al., 
2022). However, the qualitative insights from teachers in the pilot study 
also raised concerns about Fraction Ball’s potential for adoption, feasi
bility, and sustainability when scaling across multiple school sites and 
addressing problems of practice. For example, teachers expressed con
cerns about integrating the intervention into their curricula, aligning it 
with state standards in mathematics, and scheduling outdoor activities 
into their instructional time. Further, although previous studies were 
implemented in a school, it was a single school with a small number of 
teachers implementing the intervention, and a researcher was nearly 
always present. Finally, the control group in the original studies 
participated in business-as-usual physical education, which did not have 
a specific math focus. Thus, previous findings give some indication that 
when implemented with fidelity, the intervention is a useful supple
mental mathematics activity. However, evidence for the usefulness of 
Fraction Ball incorporated into a curriculum would require an evalua
tion that accounts for on-the-ground challenges of a classroom and 
compares the intervention to existing PE and math curricula. 

To contextualize our combined DBIR and RCT approach, we briefly 

review the affordances and constraints of DBIR and RCT. Then, we 
provide a brief literature review highlighting key learning principles 
that influenced our designs and their alignment with teacher expertise 
and practical experience. 

2. Conceptual framework for combining RCT and DBIR 

2.1. Randomized control Trials 

Randomized Control Trials in education aim to generate estimates of 
the causal effects of interventions by randomly assigning participants 
(participant groups) to either a treatment group receiving the inter
vention or a control group receiving no treatment or an alternative 
treatment (e.g., Shadish, Cook, & Campbell, 2002). Because RCTs esti
mate causal relationships between an intervention and its impacts on 
student outcomes, it is broadly regarded as the “gold standard” in edu
cation research, heavily shaping U.S. education policies such as the No 
Child Left Behind Act (NCLB) and the Every Student Succeeds Act (ESSA, 
2015; Welsh, 2021). The Institute of Education Sciences (IES) prioritizes 
RCT evidence in their Standards for Educational Excellence as reflected 
in the “levels of certification” by the What Works Clearinghouse–a U.S. 
federally funded authority on educational recommendations, policy, 
and interventions (Polikoff and Conaway, 2018; Welsh, 2021). How
ever, it is infeasible to expect RCTs alone to guide us to optimal edu
cation policy and practices because designing educational interventions 
requires more decisions than can be feasibly evaluated through RCTs. 

Design-based implementation research methods can facilitate the 
exploration, rapid testing, and feasibility of these decisions based on 
combined researcher and community expertise in order to develop an 
intervention prototype that would be most likely to be adopted, show 
success, and scale with relatively low costs compared to conducting an 
RCT. Randomized control trials can provide a relatively precise quan
titative answer to a well-specified question; in multi-armed RCTs, a few 
questions can be asked simultaneously. However, designing educational 
practices invariably requires making a larger number of decisions than 
can realistically be evaluated in independent randomized treatment 
arms. Consider a set of 10 lessons, each designed to be delivered by a 
teacher to a classroom of students. Some education decision makers 
must decide how to sequence the lessons. However, because there are 
10!, or approximately 3.6 million possible sequences of these 10 lessons, 
any evaluation of which sequence to prefer over others would require a 
decision about which sequences are under consideration. Of course, this 
task is only a microcosm of the problem of how to design an educational 
intervention (See Koedinger et al., 2013 for a related discussion). 
Therefore, RCTs should be complemented by a method for designing 
interventions, preferably one that is rigorous and systematic. 

Fig. 1. Previous Study Posttest Treatment Estimates and Court Design.  
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2.2. Design based implementation research 

To address this challenge, we draw from methodological approaches 
that center on-the-ground perspectives and goals of practice partners (in 
our case, teachers) through the process of co-design, which is at the core 
of DBIR (Penuel et al., 2011). This user-centered approach privileges 
users’ subjective challenges and incorporates them into interventions, 
often by deliberating together with researchers around possible solu
tions. This process involves modifying interventions, which users then 
piloted and vetted. This step helps ascertain the viability of the inter
vention for implementation and identifies practical flaws before con
ducting costly, large-scale experiments. Co-design also affords the 
integration of users’ key instructional needs and expertise in navigating 
organizational and logistical barriers around implementation within a 
system (Penuel et al., 2011). These obstacles account for the varied 
roles, needs, and schedules of people necessary for the success of oper
ational and systemic goals at the school and district levels. 

Penuel and colleagues (2011) summarized seven characteristics of 
co-design: 1) creating or improving a concrete innovation (e.g., adding 
classroom components to Fraction Ball); 2) understanding current 
practices and contexts (e.g., aligning Fraction Ball with math curriculum 
and standards); 3) allowing for flexibility in target outcomes (e.g., 
including analyses of distal measures such as state tests, which have high 
priority for teachers and districts); 4) creating events or processes that 
build understanding of the resource to catalyze the work (e.g., adding 
professional development materials, adjusting the curriculum to meet 
teacher capacity); 5) fitting co-design sessions within educators sched
ules; 6) highly-facilitated and well-defined roles of team members (e.g., 
empowering teacher expertise); 7) central accountability of the end 
product which rests with the lead investigator of the research team (and 
ensures continued alignment with evidence based practices). It is the 
role of the researchers in the co-design process to draw the themes and 
insights from users’ experiences and design artifacts and integrate them 
with theoretical principles from psychological science (Penuel et al., 
2011; Yeager et al., 2016). 

Research conducted using design-based approaches has received 
criticism for not incorporating methods typically employed by RCTs (i. 
e., a control group and random assignment) to make causal claims and 
evaluate the impacts of designed learning environments on outcomes 
more traditionally assessed by RCTs, such as student learning (Design- 
Based Research Collective, 2003; McCandliss et al., 2003). Instead, 
typical DBIR studies frequently center around small-scale qualitative 
measures of success, such as recorded classroom interactions, student 
work, and other artifacts, formative and summative assessments, and 
other artifacts. The small-scale, rapid cycle measurement approach has 
resulted in rich descriptive data of the local contexts and conditions that 
enable data points on which quick iterations and refinements of 
instructional designs can be made (Penuel et al., 2011). More broadly, 
rich descriptions and insights gained from DBIR can reveal important 
behavioral phenomena as they manifest in everyday complex contexts, 
such as school systems, which provides opportunities to develop con
jectures and theorize about scientific principles of learning processes 
(McCandlis et al., 2003). However, schools and educators value student 
learning and seek strong evidence of student learning outcomes before 
adopting a new program (Honig & Coburn, 2008; Slavin & Fashola, 
1998). Therefore, causal impacts on student learning are an important 
component for scaling, dissemination, and ultimately, the impact of a 
program (Honig & Coburn, 2008). 

Most published DBIR studies report improvements in learning envi
ronments. As noted above, it is not realistic to expect a well-powered 
RCT to evaluate the efficacy of every feature considered during the 
design process. However, because in this case, Fraction Ball was inten
ded to improve student learning outcomes in our population of interest 
(relative to not participating in Fraction Ball), an RCT was a useful 
complement to the DBIR process for determining whether Fraction Ball 
reached this goal. 

2.3. The common ground between RCT and DBIR 

Taken together, RCT and DBIR approaches are undergirded by 
epistemological stances that have been traditionally in opposition with 
one another in terms of their aims. RCT approaches have been primarily 
employed to make causal inferences about the efficacy of an interven
tion. On the other hand, DBIR approaches strive to characterize the 
contextual conditions in order to iteratively improve an instructional 
design. Of course, both approaches can also lead to conjectures and 
theory refinement about learning processes. 

In Fraction Ball, we harness the strengths of DBIR and RCT ap
proaches in a two-step cyclical process. First, through DBIR, we co- 
design interventions that integrate psychological science principles 
and attend to on-the-ground challenges of local school contexts to iterate 
on our designs through rich descriptions of contextual factors and stu
dent–teacher interactions. Our research team draws themes from a series 
of co-design sessions, identifies theory and principles that align with 
those themes, which we use to modify the intervention, vetted by our 
teachers and students. Further, results from our prior pilot RCT evalu
ations demonstrated positive impacts, but limited to a few domains, 
which oriented the team towards improving aspects of the intervention 
where effects around rational number concepts were mixed and/or not 
impactful. As such, our co-design discussions also incorporate topics 
deriving from prior RCT data. Then, we utilize an RCT to assess how the 
intervention, informed by co-design and the prior RCT evaluation, af
fects student outcomes, enabling us to make a causal inference about its 
impact on student performance. The two-step cycle may be repeated to 
further improve intervention design and evaluate its effects. 

This approach embraces the complementary purposes served by 
these traditionally separate epistemologies (Begolli & Richland, 2017; 
Brown, 1992, p. 199; McCandliss et al., 2003). It provides a framework 
for a two-way exchange of rich qualitative data and quantitative mea
sures that allow for conjecture building of phenomena that can be tested 
in controlled and/or school settings. In summary, we use DBIR and RCT 
approaches to iteratively improve interventions grounded in psycho
logical science, attend to the challenges of the local context, identify 
gaps in intervention design, and test causal hypotheses about their 
efficacy. 

Given that our intervention draws heavily from psychological sci
ence literature, next, we review how theory and principles from this 
discipline have informed the Fraction Ball design and how the two-way 
exchange that occurred between researchers and teachers influenced the 
intervention design. 

3. Integrating psychological science and teacher expertise 
through Co-Design 

The design of the Fraction Ball court draws heavily from research in 
mathematical cognition, particularly the Integrated Theory of the 
Number Line, positing that a mental representation of the number line is 
key for integrating students’ conceptual understanding of whole and 
rational number magnitudes (Siegler & Lortie-Forgues, 2014). Empirical 
evidence from several game intervention studies with the number line as 
a core component further supports that number line games can enhance 
students’ comprehension of fraction magnitudes (Fazio et al., 2016). 
Intensive interventions that use visualizations of the number line and 
magnitude understanding as core components influence both fraction 
magnitude and arithmetic knowledge with students struggling with 
fraction concepts and students with disabilities (Barbieri et al., 2020; 
Bottge et al., 2014; Fuchs et al., 2013, 2016; Schumacher et al., 2018). In 
contrast, area models seem to be less effective than number line models, 
as evidenced by data from 2nd and 3rd graders (Hamdan & Gunderson, 
2017). 

The Integrated Theory of the Number line informed the layout of the 
court and point system, with greater distances from the court corre
sponding to higher point values (Fig. 1). The Fraction Ball scoreboard–a 
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large number line on the side of the court–serves to reinforce visuali
zations of fraction and decimal magnitudes, such that students move 
further along the number line as they gain more points. These visual aids 
help students spatially discern rational numbers and gain familiarity 
with whole number magnitudes, and in turn, possibly facilitate a deeper 
grasp of the part/whole relationship between numerators and de
nominators representing equal parts of a whole (Seethaler, Fuchs, Star, 
& Bryant, 2011; Siegler, Thompson, & a., & Schneider, M., 2011; 
Vamvakoussi & Vosniadou, 2010). 

The original version of Fraction Ball occurred exclusively outdoors 
on the basketball court using the number line. However, co-design 
teachers from our pilot and current studies were concerned about 
meeting their curricular goals and state standards. They stressed the 
necessity of drawing relationships between procedural knowledge 
required to carry out arithmetic operations in traditional classroom 
settings and the concrete number line representations on the Fraction 
Ball court. This input strongly aligned with prior research suggesting 
that procedural and conceptual knowledge work cyclically, each rein
forcing the other (Rittle-Johnson et al., 2015). It also aligns with 
analogical reasoning theories, where drawing relations, aligning, and 
mapping between core elements of two or more representations leads to 
schema building (Gentner, 1983; Gick & Holyoak, 1983). For example, 
on the court, students can “see” that 1/4 is equal to 0.25 and also notice 
that 1 is bigger than both despite having fewer digits (Begolli & Rich
land, 2016). To relate these concepts with addition procedures, co- 
design teachers developed in-classroom activities where fraction and 
decimal arithmetic sentences (e.g., 1/4 + 3/4 and 0.25 + 0.75) are 
superimposed on top of a number line. In this manner, students can also 
“see” (align) that adding fractions and their decimal counterparts results 
in the same magnitude despite having different (misaligned) symbolic 
notations. 

Failing to notice misalignments, particularly around fraction/deci
mal magnitudes, can lead to common misconceptions around rational 
number concepts. “Whole number bias” characterizes misconceptions of 
both rational number notations such that “more” or “larger” numbers 
are thought to have bigger magnitudes (e.g., considering a/5 larger than 
a/2 or 0.10 larger than 0.1; Hiebert & Wearne, 1983; Tian & Siegler, 
2017). Additionally, procedures vary between notations and are often 
confused when taught as a sequence of steps that are memorized and 
followed in order to get to the correct answer (Richland et al., 2012). For 
example, students often erroneously add both the numerators and the 
denominators of fractions (e.g., 1/5 + 1/5 = 2/10) or arrive at the 
wrong answer for decimals with a different number of digits after the 
decimal place (e.g., 3.7 + 1.42; 12 % of 6th graders were correct; Hiebert 
& Wearne, 1983). Highlighting the alignments and misalignments be
tween notations and procedures of fractions and decimals could help 
overcome common misconceptions as students can build on the more 
familiar notation (Wang & Siegler, 2013). However, the cognitive pro
cess of drawing relationships is challenging and can burden children’s 
cognitive resources (Richland et al., 2017). 

To reduce cognitive load, we limited the number of fraction repre
sentations included in the court design and the intervention to provide 
opportunities to build a more robust conceptual understanding around 
more commonly used magnitudes, such as fourths and thirds. Teachers 
validated the use of these benchmark fractions (thirds and fourths) 
through our co-design, which also aligns with fraction representations 
recommended in the Common Core state standards for mathematics 
(Common Core State Standards Initiative, 2010). 

From these insights, we co-developed a new set of classroom activ
ities that complement the outdoor games. Number line representations 
became a substantial component of classroom activities that emphasized 
number line segmentation (e.g., segment a 0–1 or 0–5 number line into 
fourths), magnitude estimation (placing 1/4 and 0.25 on the number 
line), and addition (e.g., superimposing and aligning 1/4 + 3/4 = 1 on 
top of the number line; see the Teacher Activity Guide in Appendix B for 
examples). 

4. The current study 

Here we report findings from the co-design process and an experi
mental evaluation of a revised version of Fraction Ball that integrated 
lessons learned from our pilot RCT, insights from nine co-design sessions 
with educators, and learning principles from psychological science. 
Through the two-step DBIR and RCT approach, first, we co-identified 
and co-developed with teachers key differences in the intervention, 
importantly, the addition of six in-classroom activities that integrate 
with the six outdoor games and replaced regular math instruction (see 
Method section for more detail). In our second step, utilizing an RCT, 
these elaborations on the intervention enabled us to evaluate the 
intervention as a substitute for business-as-usual math instruction rather 
than a supplementary activity during PE time. This design allowed us to 
draw conclusions about the efficacy of Fraction Ball when implemented 
as an integrated part of a school’s math curriculum. 

Co-designed developments and adaptations to Fraction Ball demon
strate the promise of combining DBIR and RCTs for leveraging knowl
edge from psychological science, teacher practical knowledge, and prior 
evaluations to create usable interventions and generate strong causal 
evidence of student learning utilizing experimental designs. This study 
provides an important entry point for innovative psychological ap
proaches that target well-documented public and social needs, such as 
improving school curricula and helping students reach state standards in 
mathematics education. We hypothesized that the revised, co-designed 
Fraction Ball intervention would strengthen students’ mental represen
tations of rational number magnitudes and other subskills compared to 
students who received business-as-usual math instruction and partici
pated in PE. The study’s research questions, hypotheses, and analyses 
were pre-registered at https://osf.io/kjqmz prior to posttest data 
collection. 

4.1. Research question & hypothesis 

We pose two main research questions in this study: 
What were the key adaptations that altered the Fraction Ball inter

vention through co-design with teachers? 
Does the Fraction Ball intervention as implemented by teachers 

improve students’ rational number reasoning skills relative to “business- 
as-usual” math instruction and PE? 

We also pose a three part exploratory research question: 
Are the impacts of Fraction Ball on students’ learning moderated by  

A. grade,  
B. sex, or  
C. prior knowledge? 

Based on the previous versions of Fraction Ball (Bustamante et al., 
2022), we hypothesized that students in the Fraction Ball intervention 
group would improve their scores on the rational number reasoning 
battery. We pre-registered a conservative estimate of about 0.30 to 0.44 
SDs, but also expect to strengthen these impacts and improve student 
knowledge on other components of rational number understanding 
previously not found as a result of iteratively co-designing with teachers 
to improve the intervention. At the same time, the current evaluation 
differed in ways that could produce smaller effect sizes. For example, the 
current evaluation included an in-class component, which would 
hopefully increase learning. However, as a result, the current evaluation 
replaced six regular math lessons with Fraction Ball lessons, so the 
treatment–control contrast could also plausibly be weaker than in pre
vious implementations. 

Based on previous results, we also hypothesized that the impact of 
the intervention would be larger on near versus far transfer items and 
larger on conversions between fractions and decimals than other kinds 
of problems. However, as a result of changes that arose from co- 
designing with teachers, we hoped to elicit statistically significant 
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impacts on number line estimation, adding fractions with decimals, and 
timed fraction addition; three types of problems for which we did not 
observe impacts in previous evaluations. Finally, we explored whether 
the impacts of the intervention on students’ learning was moderated by 
grade, sex, or prior knowledge (based on previous findings, we did not 
anticipate substantial heterogeneity by these factors). We included these 
exploratory factors given the abundance of literature suggesting impli
cations of prior knowledge on learning (Simonsmeier et al., 2022). We 
included gender as a factor of interest, both to monitor heterogeneity in 
the impacts of Fraction Ball across socially important demographics and 
because gender differences in math achievement are present in U.S. 
math assessments (generally favoring boys in districts serving higher- 
income students and girls in districts serving lower-income students; 
Reardon et al., 2019). Analyses of pre-registered research questions on 
students’ enjoyment of the Fraction Ball activities and self-reported 
emotions towards the math test are reported elsewhere. 

5. Method 

First, we present our diversity, equity, and inclusion (DEI) strategy as 
it relates to our co-design process, then we describe the co-design and 
RCT evaluation methodologies. 

Our project team has advised and collaborated with our funder 
through the EF + Math Program, to develop guidelines around inclusive 
research and development to develop an adaptable executive function 
and math (EF + Math) learning platform that promotes equity through 
co-design methodologies. We work directly and actively with a team of 
partner educators, and their design ideas are directly adapted into new 
aspects of our intervention. Active involvement of educators from our 
partner district fosters a collaborative environment, enriching the design 
process. Equity considerations extend to co-designed technological 
components, catering to diverse learning needs while prioritizing scal
ability and technological value. Our approach embraces flexible meeting 
modalities, reflecting a commitment to diversity, equity, and inclusion, 
and addressing biases while valuing diverse perspectives. Tangible 
benchmarks involve diverse co-design groups, systematically doc
umenting emergent themes, including aspects of culture, gender, able
ism, and inclusion that influence design. Feedback refines our prototype, 
aligned with standards and real-world needs. Inclusive research and 
development, driven by human-centered methodologies, involve edu
cators, synthesizing community insights into solutions that reflect 
context and meaning. 

5.1. Co-design methods and analysis process 

Two schools participated in the co-design process, including 24, 3rd 
through 6th-grade teachers (five PE [three female, two male], four math 
[one female, three male], one special education [female], and 14 all 
subject teachers [10 female, four male]), a female curriculum specialist, 
and two principals (one female, one male). Most teachers had either 
played Fraction Ball with their students or played Fraction Ball 
throughout our co-design work together. We held five 90-minute ses
sions via Zoom and in person; two sessions were repeated to accom
modate teachers’ schedules. Based on teacher feedback from our pilot 
study, we developed broad goals to create classroom activities and adapt 
the games on the court. Through an iterative co-design process our 
sessions focused on: a) introducing the games to teachers, b) play-testing 
an existing game, c) generating lesson plans and activity ideas to make 
connections between Fraction Ball games, common core state standards 
in mathematics, and the district curriculum for 4th and 5th grade, and d) 
teacher gallery walks of new classroom/court activities to iterate and 
refine ideas into cohesive lesson plans. 

We collected video data, observation notes, design artifacts, and 
reflections to revise and develop intervention materials that were 
brought back to teachers for feedback and iteration. To analyze the key 
adaptations that emerged during the co-design, we conducted affinity 

diagramming, a grounded theory, thematic analytic technique used in 
design fields to synthesize design ideas (Hanington & Martin, 2019). 
First, two researchers examined all data and identified ideas and feed
back to identify individual data points. We collected 305 data points 
from the co-design sessions, which were iteratively clustered into 
themes. To achieve reliability, two researchers analyzed the co-design 
data, negotiating themes and reviewing the data until consensus was 
reached. Our thematic analyses highlight the three most significant 
adaptations made to the Fraction Ball intervention using design vi
gnettes. We bound these vignettes based on our “intrinsic interest” 
(Merriam, 1998, p. 28) in identifying key adaptations that teachers 
valued most to improve Fraction Ball’s usability, feasibility, and 
adoptability. 

5.2. RCT participants 

Study procedures were approved by the University’s IRB. Co-design 
teachers and schools did not participate in the evaluation of the study to 
avoid spillover effects. Participants in the evaluation of the study were 
16 female teachers (10, 4th-grade; five, 5th-grade; one, 4th/5th-mixed- 
grade teacher) and 360 students (218, 4th-grade; 142, 5th-grade; 52% 
female, 48% male; 47 % English Language Learners (ELL); 97 % His
panic or Latino, 83 % free or reduced lunch, and 10 % student disability) 
from four non-co-design schools in Southern California. The sample 
demographics resembled those of the district as a whole (45 % ELL, 96 % 
Hispanic or Latino, and 81 % free or reduced lunch; Santa Ana Unified 
School District, 2022). Classroom size ranged from 16 to 45 students (M 
= 23). Randomization was matched based on pretest scores aggregated 
at the classroom level (treatment, nteachers = 8, nstudents = 198; control, 
nteachers = 8, nstudents = 162; Table 1; Table A1). Teachers and students 
were recruited via email sent to the school principal and were unaware 
whether they would be assigned to treatment or control until after the 
pretest. Treatment teachers were provided a stipend of $250, and con
trol teachers with $50 for classroom materials. 

To assign teachers/classrooms to the treatment condition, students’ 
pretest scores were aggregated at the teacher/classroom level. Given 
that two classrooms scored noticeably higher than the other classrooms 
at pretest, classrooms were blocked into eight pairs based on pretest 
scores (e.g., the first block consisted of the two classrooms with the 
highest scores, the second block consisted of the third and fourth 
classrooms with the highest scores). Classrooms were randomly assigned 
within each block, such that one classroom per block was assigned to the 
Fraction Ball intervention during math instruction and PE (nteachers = 8, 
nstudents = 198) and the other was assigned to the control group, math 
instruction and PE as usual (nteachers = 8, nstudents = 162). As a result, 
each school had at least one teacher in the intervention group and one in 
the control group. Descriptive statistics are provided for moderators and 
student-level measures split by treatment group in Table 1 and by 
treatment group and grade level in Table A1. 

In the absence of direct classroom observations within control 
groups, our interpretation gains depth through a comprehensive exam
ination of curriculum plans outlined in the provided curriculum maps. 
Control classrooms utilized district-endorsed curricula, Math Expres
sions, and the Irvine Math Project. Curricula were supplemented by 
Mathematical Assessment Resource Service (MARS) tasks, ST Math 
technology, and the Problem of the Month. 

During the evaluation window 4th grade teachers were expected to 
focus on Collecting Data and Angle Measurements. This focus followed 
prior coverage of Fraction Equivalence and Decimals concepts and other 
rational number concepts, constituting approximately one-third of the 
overall curriculum. In parallel, teachers in 5th grade classrooms were 
expected to focus on two-dimensional shapes and volume after having 
extensively addressed rational number concepts in approximately two- 
thirds of the curriculum. 

We used the PowerUpR package (Bulus et al., 2021) in R to conduct a 
power analysis. Our sample contained 16 teachers with approximately 
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23 students per class. We assumed an intraclass correlation coefficient 
(ICC) of 0.1. This is based on previous studies reporting on 4th and 5th 
graders math tests, suggesting an ICC range from 0.02 –.19 across three 
studies with sample sizes ranging from 54 to 1,284 students (Barbieri 
et al., 2020; Fuchs et al., 2019; Schoen et al., 2018). We assumed a small 
ICC because we were informed that classes were heterogeneously 
grouped. Our previous evaluation of Fraction Ball revealed a correlation 
of r = 0.81 between the composite pretest and posttest scores on a nearly 
identical test. Thus, we assumed that pretest scores would explain 64 % 
of the variation in posttest scores. Under these assumptions, our study 
design had 80 % power to detect an effect size of 0.34 SD, on the lower 
side of the range of predicted impacts. 

5.3. Procedure and fidelity observations 

Students completed the pretest two to three weeks prior to inter
vention and posttest within one-week of the end of the intervention. 
Intervention teachers were given lesson materials and attended a 90- 
minute professional development meeting prior to the intervention. 
Implementation ranged three-six weeks (M = 3.75). Trained members of 
the research team observed 25 % (n = 22) of the 88 total lessons 
completed by the teachers. Table 2 shows descriptive statistics by 
teacher for the implementation of the intervention, lessons completed, 
and duration and activities completed based on fidelity observations. 

Table 1 
Descriptive Statistics for Demographic Variables and Raw Scores of Outcomes.   

Full Sample Control Treatment   

Variable N Mean SD N Mean SD N Mean SD b p 

4th grade 360 61 %  162 59 %  198 62 %   0.03  0.89 
5th grade 360 39 %  162 41 %  198 38 %   − 0.03  0.89 
Female 333 52 %  148 45 %  185 58 %   0.13  0<.01** 
Hispanic or Latino 333 97 %  148 98 %  185 96 %   − 0.02  0.44 
English language learner 333 47 %  148 50 %  185 44 %   − 0.06  0.65 
Free or reduced lunch 325 83 %  146 84 %  179 82 %   − 0.01  0.88 
Student disability 333 10 %  148 9 %  185 10 %   0.01  0.85 
Attrition from pre-test to post-test 342 8 %  151 10 %  191 6 %   − 0.04  0.17 
Missing pre-test 360 5 %  162 7 %  198 4 %   − 0.03  0.25 
Missing post-test 360 7 %  162 9 %  198 6 %   − 0.04  0.19 
Pre-tests            
Missing 90 % not-timed pre-test items 342 0.3 %  151 0.7 %  191 0 %   − 0.01  0.30 
Timed fraction to decimal conversion 342 10 % 22 % 151 14 % 27 % 191 7 % 17 %  − 7.36  0.39 
Timed decimal to fraction conversion 342 20 % 24 % 151 20 % 22 % 191 19 % 25 %  − 1.01  0.90 
Timed fraction addition 342 48 % 29 % 151 48 % 29 % 191 47 % 29 %  − 0.50  0.94 
Untimed fraction to decimal conversion 342 9 % 21 % 151 12 % 25 % 191 6 % 15 %  − 6.78  0.32 
Untimed decimal to fraction conversion 342 39 % 45 % 151 36 % 43 % 191 41 % 47 %  4.41  0.77 
Untimed fraction and decimal addition 342 25 % 37 % 151 33 % 42 % 191 18 % 32 %  − 14.79  0.25 
PAE fraction number line 0 to 1 342 21 % 18 % 151 22 % 18 % 188 21 % 17 %  − 1.81  0.67 
PAE fraction number line 0 to 5 342 28 % 16 % 151 26 % 15 % 188 29 % 16 %  3.27  0.43 
Post-tests            
Missing 90 % not-timed post-test items 334 0.9 %  147 1.4 %  187 6 % 5.3 %  − 0.01  0.44 
Timed fraction to decimal conversion 334 21 % 32 % 147 19 % 33 % 187 22 % 32 %  2.52  0.84 
Timed decimal to fraction conversion 334 28 % 30 % 147 27 % 32 % 187 29 % 28 %  2.12  0.84 
Timed fraction addition 334 56 % 27 % 147 56 % 29 % 187 55 % 26 %  − 0.91  0.89 
Untimed fraction to decimal conversion 334 33 % 40 % 147 23 % 37 % 187 41 % 41 %  18.68  0.16 
Untimed decimal to fraction conversion 334 48 % 46 % 147 44 % 47 % 187 50 % 45 %  5.87  0.64 
Untimed fraction and decimal addition 334 39 % 41 % 147 34 % 41 % 187 44 % 41 %  9.91  0.45 
PAE fraction number line 0 to 1 324 17 % 17 % 141 20 % 17 % 183 15 % 16 %  − 4.86  0.22 
PAE fraction number line 0 to 5 324 23 % 15 % 141 24 % 16 % 183 22 % 14 %  − 1.79  0.69 

Note. p-value is based on a two-tailed t-test comparing treatment and control, clustering standard errors by teacher. PAE = percent absolute error. The N in the Variable 
section refers to the total sample possible, including student attrition. ** p < 0.01. 

Table 2 
Descriptive Statistics of Fraction Ball Implementation, Lessons Completed, and Fidelity Observations.   

Implementation  Lessons Completed  Fidelity Observations           

Duration (Mins.)  Activities Completed (%) 

Teacher Weeks Days Teaching 
Sessions  

Total Classroom Court 
Games  

N Classroom 
Lessons 

Court 
Games  

Classroom 
Lessons 

Court 
Games 

A 4 5 8  8 4 4  0 − − − −

B 3 11 13  12 6 6  4 27 44  73 % 68 % 
C 3 9 15  12 6 6  6 − 44  67 % 66 % 
D 6 4 8  8 4 4  0 − − − −

E 4 7 18  12 6 6  1 30 − 41 % −

F 3 8 13  12 6 6  5 54 18  66 % 37 % 
G 3 9 13  12 6 6  2 − 37  − 82 % 
H 4 7 12  12 6 6  4 24 35  86 % 49 % 
Mean 3.75 7.5 12.5  11 5.5 5.5   33.75 35.6  66 % 60 % 
SD 1.04 2.27 3.34  1.85 0.93 0.93   13.72 10.64  16 % 17 % 

Note. Teaching sessions represent the number of blocked time teachers used to teach the classroom lessons and facilitate the court games. The intervention consisted of 
12 lessons, out of which six were to be completed in the classroom and six in the court. Our fidelity of implementation thresholds was set at 20% of the intervention 
across all participating teachers and schools. However, due to scheduling conflicts between our team members and the schools, there was variation in observations 
between teachers. 
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6. Measures 

6.1. Rational number skills 

Students completed a 44-item assessment with a timed (28 items) 
section that assessed efficiency in rational number processing and an 
untimed (16 items) section that assessed rational number conceptual 
and procedural knowledge and magnitude understanding. Items were 
selected from the previous version of the Fraction Ball intervention 
(Bustamante et al., 2022) based on researcher-developed pre-registered 
item analyses. The assessment included eight mutually exclusive sub
tests to provide insight into the types of rational number skills impacted 
by the intervention. Items across all subtests were divided into near (24 
items) or far transfer items (20 items). Near transfer items measured 
proximal knowledge of numbers and procedures to which students were 
directly exposed during the intervention containing thirds, fourths, and 
their decimal counterparts less than one, except for two items, which 
were 4 1/4 and 1.25. Far transfer items measured distal knowledge of 
numbers and procedures not directly presented during the intervention. 
Table 3 shows the assessment items by subtest and type of transfer item. 
These subtests reflect a combination of items previously used in the 
literature suggesting to capture mental representations of students’ 
rational number concepts (Carvalho & da Ponte, 2017; Schneider & 
Siegler, 2010; Wang & Siegler, 2013). 

Timed Subtests. Twenty-eight items assessed students’ ability to 
quickly convert between fractions and decimals and add fractions within 
a three-minute period. These items comprised the three timed subtests: 
timed fraction to decimal conversion (eight items), timed decimal to fraction 
conversion (10 items), and timed fraction addition (10 items; same and 
different denominators, mixed fractions, and improper fractions). Items 
from each of the timed subtests were presented in an interleaved 
sequence. Internal consistency for the timed test was high at pretest (α =
0.90) and posttest (α = 0.94). 

Untimed Subtests. Sixteen items assessed students’ rational number 
conceptual and procedural knowledge. These items comprised the five 
untimed subtests: fraction number line 0 to 1, where students estimated 
the position of rational numbers on a 0 to 1 number line (four items), 
fraction number line 0 to 5 (four items), fraction to decimal conversion 
(three items), decimal to fraction conversion (three items), and fraction 
and decimal addition (two items, e.g., 2/4 + 0.25). Internal consistency 
for the untimed test was high at pretest (α = 0.83) and posttest (α =
0.90). 

6.2. Scoring of items 

Items for the fraction number lines were scored using percent abso
lute error (PAE; Booth & Siegler, 2006), defined as PAE = [absolute 
value of (student’s response – correct response)]/ (size of the number 
line). For items left blank, we imputed the missing value as incorrect in 
alignment with how teachers would typically score students, under the 
reasonable assumption that items left blank are far less likely to have 
been answered correctly than items attempted. For number line items, 
blanks were imputed with the 90th percentile PAE value for the item 
given our treatment of missing values as incorrect. Due to the nature of 
these items, instead of scoring missing values as zero (representing no 
error), we imputed them with a large PAE (90th percentile) to indicate 
low performance. The PAEs imputed were specific to each item because 
the maximum possible PAE depends on the distance from the furthest 
endpoint. PAE values were then transformed to a natural log scale and 
reverse-coded for higher values to represent better accuracy (Busta
mante et al., 2022). Items for the other subtests were scored as correct or 
incorrect, with blanks imputed as incorrect. Fraction answers did not 
have to be in their simplest form to be scored as correct, and decimal 
answers had to be the exact values to the hundredths decimal place (no 
rounding) to be scored as correct. Items not attempted were scored as 
incorrect. 

6.3. Composites 

Average raw scores were calculated for each of the eight subtests at 
pretest and posttest (see Table 1). The average raw scores were stan
dardized using a pooled standard deviation within each grade level of 
4th and 5th grade using the entire sample at pretest and only the control 
group at posttest. An average standardized composite was calculated by 
averaging standardized scores across the eight subtests (Table A2). The 
same procedure was used with near- and far-transfer items to create 
near- and far-transfer composites (Table A2). 

6.4. Data analysis 

Multiple approaches were pre-registered to investigate the robust
ness of the treatment effects. Specifically, we investigated impacts on the 
overall, near transfer and far transfer composites, and each of the sub
tests. Our preferred specifications were regression models with standard 
errors clustered at the teacher level (Table 4) with overall math com
posite at pretest and grade level as covariates (n = 316), excluding 
students who were absent at pretest (n = 18) or posttest (n = 26). We 
also report estimates for a model with no covariates (n = 334) to test the 
sensitivity of estimates to the inclusion of baseline covariates. As 
robustness checks, we estimated models including covariates and 
excluding students who had missing data on 90 % or more of the 
untimed posttest items (n = 314; 2 students did not meet criteria). Other 
pre-registered specifications were generalized linear mixed (GLM) 
models using random intercepts at the teacher level (Table A3 and 
Table A4) and regression models using full information maximum 
likelihood (FIML) to address missing data and estimate treatment effects 
for the full sample (n = 360; Table A5). Finally, we conducted pre- 
registered exploratory analyses using our preferred model specifica
tions to investigate interaction effects based on students’ grade level, 
prior knowledge, and sex (Table A6). Separate analyses were then 
conducted using our preferred model specifications to estimate treat
ment effects for the subgroups of students: 4th graders, 5th graders, 
students with below average prior knowledge, students with above 
average prior knowledge, males, and females (Figure A2). A median split 
was used on the overall math composite at pretest (average standardized 
score) to divide students into above and below average prior knowledge 
groups. 

Table 3 
Near and Transfer Items by Subtest.  

Subtest Near Transfer 
Items 

Far Transfer Items 

Timed fraction to 
decimal conversion 

1/4, 2/3, 1/3, 
3/4, 1/2 

6/3, 2/10, 12/3 

Timed decimal to 
fraction conversion 

0.33, 0.66, 0.50, 
1.00, 0.75 

0.40, 2.00, 0.80, 2.33, 4.50 

Timed fraction addition 1/4 + 2/4, 2/3 +
1/3 

1/5 + 3/5, 1/5 + 3/10, 1/4 + 1/2, 
1 1/5 + 3 1/5, 2 3/4 + 1 3/4, 
8/3 + 1/3, 4/10 + 5/10, 5/3 + 5/3 

Untimed fraction to 
decimal conversion 

1/3, 5/3, 1/2 −

Untimed decimal to 
fraction conversion 

0.25, 1.25, 0.75 −

Untimed fraction and 
decimal addition 

2/4 + 0.25 1/10 + 0.5 

Fraction number line 
0 to 1 

1/4, 1/4 + 2/4 4/5, 1/10 

Fraction number Line 
0 to 5 

4 1/4, 1/4 + 3/4, 
1/3 

12/4 

Note. Untimed fraction to decimal and decimal to fraction conversion subtests 
did not have far transfer items. 
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7. Results 

7.1. Co-design vignettes 

To answer our first research question about the key adaptations that 
altered the Fraction Bal intervention through co-design with teachers, 
we present vignettes highlighting three key modifications we made to 
the intervention. These adaptations include: (1) sequencing lessons to 
orient students, (2) roles to accommodate large class sizes, and (3) 
classroom lessons that connect to games on the court. 

During co-design sessions, teachers emphasized the need to orient 
students to the games, the mathematical representations on the court, 
and expectations about roles and materials in the classroom rather than 
on the outdoor court. One teacher explained, 

I’m thinking, actually, that explaining it on the board or under my 
document camera first and going over, like, the game, before we even go 
down onto the court. ‘Here’s how it’s going to work. There’s a number 
line…’ Because they don’t even really know they see it there. But they 
don’t really know what’s going on with it yet you know. 

Teachers explained that students were excited when they got on the 
court, making it challenging to introduce the games and provide di
rections. Frontloading instructions in the classroom could help scaffold 
the students’ experience and improve classroom management. One 
example of this was teachers’ adaptations to the first two activities (in 
the classroom and on the court) to exclusively focus on orienting stu
dents to the design of the court and how the games worked. In the first 
classroom lesson, teachers decided to introduce basketball, discuss the 
differences between a regular court and a Fraction Ball court, and ask 
students to construct the court. In the second lesson, on the court, 
teachers introduced the game Simon Says (e.g., Simon Says: Go to 1/4, 
Go to 1/4 + 2/4 on the number line, Hop to the smallest decimal on the 
court) in the classroom before going outside. Once the class understood 
the rules, teachers would have the class go outside, explore the court, 
play Simon Says to get familiar with the math on the court, and spend 
the last few minutes practicing dribbling and shooting. Teachers 
replaced an existing game with Simon Says and created a complimentary 
classroom lesson in an effort to create a smoother transition from the 
classroom to the court, where teachers expected student management 
would be more challenging. Teachers decided that all games should be 
introduced inside before going outside. They also created a variety of 
materials to prepare students for the transition to the court and the new 
games they were learning, including laminated cards describing the 

roles of the game and how students move through them and a basket that 
holds all the items needed for the game (e.g., jerseys, hula hoops, bas
ketballs, clipboards, etc.) to minimize transition time. 

A second adaptation to the games on the court came from the chal
lenge of accommodating larger class sizes of up to 30 students. To 
address this challenge, we added additional roles to the game–including 
a cheering section where students were responsible for supporting their 
classmates while they shoot–and asked students to double up in certain 
roles. In our co-design sessions, teachers proposed creating a new role, 
the “tracker,” who would hold a clipboard with a court diagram and 
keep track of all the shots their classmates made. One teacher explained 
that her class was used to having roles in the classroom and that tracking 
was something students were already familiar with, 

So they’re used to roles in their small groups. That way, when they’re 
assigned a job, they know what they’re supposed to do with that job. I 
think that does help … So, like in math class, when there’s a reporter or 
recorder, the usual jobs, it’s like that kid knows they have to write 
everything down. 

The tracker role had several logistical and conceptual benefits. First, 
it accomplished the primary goal of accommodating more students on 
the court using a role that many teachers already use in their classrooms. 
Second, the resulting data provided opportunities for students to reflect 
on their performance on the court and make strategy decisions for future 
activities (e.g., we made most of our points from the 1/3 line, so we 
should shoot more of those in the next game). Lastly, the “tracked” 
points provided an opportunity for teachers to connect concrete repre
sentations of rational number values students experience on the court 
and hone in on procedural aspects of arithmetic and estimation in- 
classroom activities where students tallied the points from their games. 

The most significant adaptation to the Fraction Ball intervention was 
the addition of classroom lessons to connect and complement the games. 
The previous iteration of Fraction Ball consisted of six outdoor activities 
(see supplemental materials in Bustamante et al., 2022 for a full 
description). Through our co-design with teachers, six classroom activ
ities were added. This adaptation emerged from the feedback from 
teachers who delivered the pilot intervention as well as our co-design 
teachers. One teacher shared, “It’s a waste to cover Fraction Ball 
without direct connections to [what they are doing in] math class.” 
Teachers shared that classroom lessons could enhance and practice the 
math that students were learning in the games on the court but they 
needed to directly connect to what students were doing in the games. 
Two of the classroom lessons included a new set of activities that 

Table 4 
Estimated Treatment Effects.   

Sample with Post-test: 
No Covariates 
(N = 334) 

Pretest Average Composite & Grade Covariates 
(N = 316) 

Not Missing 90 % of Post Untimed Test & Covariates 
(N = 314) 

Standardized Post-test Outcome b (SE) p b (SE) p b (SE) p 

Overall composite  0.19 (0.31)  0.54  0.37 (0.10)  0<.01**  0.37 (0.10)  0<.01**           

Near transfer composite  0.28 (0.29)  0.34  0.44 (0.09)  0<.001***  0.45 (0.09)  0<.001*** 
Far transfer composite  − 0.03 (0.27)  0.92  0.13 (0.09)  0.19  0.13 (0.09)  0.20           

Timed fraction to decimal conversion  0.09 (0.45)  0.84  0.36 (0.14)  0.02*  0.36 (0.13)  0.02* 
Timed decimal to fraction conversion  0.07 (0.34)  0.84  0.28 (0.10)  0.02*  0.28 (0.10)  0.02* 
Timed fraction addition  − 0.03 (0.23)  0.89  0.05 (0.15)  0.74  0.04 (0.15)  0.79 
Untimed fraction to decimal conversion  0.58 (0.39)  0.16  0.80 (0.19)  0<.001***  0.81 (0.18)  0<.001*** 
Untimed decimal to fraction conversion  0.13 (0.27)  0.64  0.28 (0.12)  0.03*  0.29 (0.12)  0.03* 
Untimed fraction and decimal addition  0.27 (0.35)  0.45  0.48 (0.17)  0.01*  0.49 (0.17)  0.01** 
Reversed natural log of PAE 0 to 1  0.32 (0.26)  0.23  0.43 (0.15)  0.01*  0.43 (0.16)  0.01* 
Reversed natural log of PAE 0 to 5  0.11 (0.33)  0.75  0.26 (0.11)  0.03*  0.26 (0.10)  0.02* 

Note. Percent absolute errors (PAE) on the number lines were transformed using natural log and reverse coded so that positive scores indicate better performance. 
Standardized scores are reported to allow for comparison across measures. The post-test standardized scores were calculated using the average grade standard de
viation for the control group. The covariate is the average z-score of child performance on the pretests using the average grade standard deviation for all participants. 
Clustered standard errors by teachers are in parentheses. The second model is our pre-registered model (https://osf.io/kjqmz) with pretest average composite & grade 
covariate. * p < 0.05, ** p < 0.01, *** p < 0.001. 
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teachers created where students watched video highlights of WNBA/ 
NBA games to estimate the value of shots (e.g., what would that shot be 
worth on a thirds or fourths court?) and track the total points made. 
Drawing on students’ interest in local professional basketball teams and 
watching sports during math class, these activities taught students how 
to track points in the classroom prior to going to the court. Thus, 
tracking became the focus of several classroom activities where students 
were guided to make connections between estimating made shots on a 
Fraction Ball court printed on paper, tallying their points in a table, and 
counting the total scores on a number line. These three representations 
(i.e., diagram, table, number line) presented across multiple lessons 
afforded students opportunities to make deeper connections between 
fraction and decimal values, reinforce magnitude estimation skills, and 
afforded teachers to guide their meaning-making by superimposing an 
arithmetic sentence on a number line. 

We highlight these examples across outdoor court and indoor class
room contexts to demonstrate how teachers’ knowledge of their stu
dents, classroom, and schoolyard impacted the learning and engagement 
opportunities across the intervention. Teachers advocated for a slower 
pace of delivery, as reflected by the first adaptation. They requested 
more time to explore concepts by breaking down activities into multiple 
days or reducing the number of concepts introduced in each lesson/ 
activity. These examples also highlight that teachers prioritized 
knowledge transfer between the court and the classroom and empha
sized the importance of explicitly making connections between mathe
matical procedures and conceptual understanding in their lessons. We 
believe these co-designed teacher contributions and adaptations were 
largely responsible for the increased efficacy and usability of the Frac
tion Ball intervention observed in this study. 

8. RCT evaluation on the impacts of fraction Ball on Students’ 
rational number outcomes 

To answer our second research question, whether the Fraction Ball 
intervention improved students’ rational number outcomes, we present 
our descriptives and regression analyses on the standardized composite 
scores and subtests. 

Descriptive statistics are presented in Table 1 for students’ raw scores 
by subtest and in Table A2 for standardized composite scores. Separate 
regression analyses on raw scores for subtests and on standardized 
composite scores, clustering errors by teacher, showed the intervention 
and control groups were not statistically different in math performance 
at pretest, attrition, pretest missingness, grade, ethnicity, ELL status, free 
or reduced-price lunch, and student disability (all; Table 1 and 
Table A2). However, based on the district-provided information avail
able on students’ sex assigned at birth (referred to as sex, hereafter), the 
intervention group was statistically more likely to include female stu
dents than the control group (b = 0.13, p = 0.002). Also, fifth graders (M 
= 0.12, SD = 0.61) scored higher on the overall standardized composite 
score than fourth graders (M = -0.07, SD = 0.83, t = -2.49, p = 0.01). We 
also observed sex differences at the pretest, such that males (M = 0.13, 
SD = 0.79) had higher scores than females (M = -0.10, SD = 0.61, t =
-2.86, p = 0.005). 

Table 4 shows the impact estimates of the Fraction Ball intervention 
from our preferred specification shown in the second column, regression 
models clustering standard errors by teacher. Posttest intervention ef
fects favored the treatment group for nearly every subtest but were not 
statistically significant without covariates (.16 ≤ p ≤ 0.92). Large 
standard errors (0.31 for overall composite) suggest realistically sized 
impacts could not be detected. Adding math performance at pretest and 
grade level as covariates, reduced standard errors (0.10 for overall 
composite), and the effect of the intervention became larger and sta
tistically significant on all but two subtests. For standardized composite 
scores, there was an overall statistically significant impact of the inter
vention on the overall posttest score (b = 0.37, p = 0.002) and near 
transfer (b = 0.44, p < 0.001), but the impact for far transfer was not 

statistically significant (b = 0.13, p = 0.19). These findings are similar to 
a previous implementation of Fraction Ball (Bustamante et al., 2022), 
suggesting the intervention had an impact on rational number items that 
were embedded in the intervention and not on general to all rational 
number knowledge. 

Fig. 2 shows the treatment estimates of the Fraction Ball intervention 
on all the standardized outcomes. Across standardized subtests, impact 
estimates were between 0.26 SD and 0.80 SD and statistically significant 
(.001 < p ≤ 0.03), except for the timed fraction addition subtest (b =
0.05, p = 0.74; Table 4). Specifically, impacts on the timed fraction to 
decimal and decimal to fraction conversions were 0.36 SD (p = 0.02) and 
0.28 SD (p = 0.02), respectively, showing statistically significant small 
impacts relative to other outcome measures. 

A greater range of effect sizes were found on the untimed subtests. 
Statistically significant effects were seen on the decimal to fraction 
conversion subtest (b = 0.28, p = 0.03) and on the 0 to 5 fraction number 
line estimation subtest (b = 0.26, p = 0.03). Meanwhile, larger statis
tically significant impacts were found on the fraction and decimal 
addition subtest (b = 0.48, p = 0.01) and on the 0 to 1 fraction number 
line estimation subtest (b = 0.43, p = 0.01). Finally, a statistically sig
nificant effect was present on the untimed fraction to decimal conver
sion subtest (b = 0.80, p < 0.001), which was the largest impact across 
subtests and composite scores. Impact estimates were almost identical 
when excluding students who had missing data for 90 % or more of the 
untimed test items (see Table 4). Furthermore, Figure A1 shows stu
dents’ performance at pretest and posttest by teacher and treatment 
group, showing variability of average student performance across 
teachers/classrooms and generally steeper slopes in performance 
growth for those who participated in Fraction Ball. 

8.1. Robustness checks 

To probe the robustness of our estimates, we also estimated GLM 
models with random intercepts by teacher and regressions that used 
FIML to account for missing data. Table A3 shows estimated treatment 
effects from the random intercept models, which were very similar in 
magnitude to the estimates from the regression models clustering stan
dard errors at the teacher level and followed the same pattern of sta
tistical significance/non-significance. Table A4 displays estimated fixed 
and random effects components for the random intercept model with the 
overall composite score as the outcome. Results from the baseline model 
indicated statistically significant variability on students’ overall rational 
math skills and larger than expected at the teacher level (ICC = 0.56, p <
0.01) and student level within classrooms (ICC = 0.64, p < 0.64). 
Fortunately, because the pretests were so highly associated with the 
posttests, standard errors dropped dramatically when they were entered 
into the model. Furthermore, 43 % of the residual variance in students’ 
scores was due to differences between teachers/classrooms. Once 
covariates were added to the model, the amount of residual variance due 
to teacher differences was reduced to 16 %, and variability between 
teachers/classrooms and students within-classroom remained statisti
cally significant but were smaller in magnitude. Accounting for the 
random effects and controlling for students’ pretest composite score and 
grade level, the impact estimate of Fraction Ball on the overall stan
dardized composite score was 0.36 SD (p < 0.001), nearly identical to 
the estimate in the model that used clustered standard errors instead of 
random intercepts to account for the nonindependence of students 
within teachers. 

Results from the models using FIML to get estimated effects on the 
full sample (N = 360), including students with missing data, also pro
duced estimates following the same pattern in magnitude and signifi
cance as the previous models. Specifically, we found statistically 
significant effects on the overall composite and near transfer composite 
but not on the far transfer composite and on all subtests except timed 
fraction addition (see Table A5). 
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8.2. Moderation of treatment impacts 

Finally, we conducted pre-registered exploratory regression analyses 
clustering standard errors by teacher to investigate whether child 
characteristics–grade level, prior knowledge, and sex–moderated the 
effects of the intervention. First, we conducted separate regression 
models adding the interaction term between treatment and each of the 
potential moderators. As seen in Table A6, we did not find statistically 
significant moderation effects on the overall standardized composite 
score between treatment and grade (b = 0.08, p = 0.68) or prior 
knowledge (b = 0.28, p = 0.08). However, sex moderated the effects of 
the Fraction Ball intervention on the overall standardized composite 
scores, such that the intervention was statistically more beneficial for 
males than females (b = 0.21, p = 0.03). Next, we conducted separate 
regression analyses by subgroup. Figure A2 shows estimated treatment 
effects for 4th graders (b = 0.35, p = 0.05), 5th graders (b = 0.47, p =
0.001), students whose prior knowledge at pretest was above (b = 0.53, 
p = 0.001) and below average (b = 0.25, p = 0.049), males (b = 0.49, p 
< 0.001), and females (b = 0.29, p = 0.009). 

Taken together, all pre-registered analyses with different assump
tions converge to indicate Fraction Ball had a statistically significant 
impact on students’ overall rational skills in the range of what we pre
dicted, an effect that seems to be driven by the impact on near transfer 
items. Additionally, Fraction Ball had statistically significant impacts on 
different rational number skills. Nonetheless, we identified transfer and 
timed fraction addition items as areas for improvement in future itera
tions of the intervention. Furthermore, we will investigate whether 
differential treatment effects on subgroups might have been due to 
engagement and will make changes to the intervention accordingly to 
attempt to have equal impacts across all subgroups. 

9. Discussion 

Results from our RCT evaluation reflect that students in the Fraction 
Ball program developed a more sophisticated mental representation of 
rational numbers compared to students who received business-as-usual 
math and PE instruction. Fraction Ball students outperformed the 

control group in 10 of 12 rational number outcomes. Our main outcomes 
and subtests (i.e., number line estimation, conversions, and addition) 
included measures that were a combination of near and far transfer 
items. Although impacts on far transfer were in the positive direction, 
the impact was 1/3 the size of the overall impact and did not reach sta
tistical significance, indicating a need to attend in future work to stu
dents’ knowledge of fraction and decimal representations not shown in 
Fraction Ball. This future work addressing a broader array of rational 
number knowledge will be crucial for wider adoption of Fraction Ball as 
educators will want such a substantial time investment to result in im
provements on broader classroom and standardized assessments. 

Although we were underpowered to detect treatment effects by 
subgroup (e.g., prior knowledge, sex, and grade), our exploratory ana
lyses indicate that males improved more than females. Positive impacts 
on our main outcome were observed for all student groups (prior 
knowledge, sex, and 5th grade), except for 4th graders (although the 
non-significance of the treatment effect for this subgroup [p = 0.051] 
appears to be mostly attributable to the lower precision of the estimate 
rather than due to having a smaller effect size than our other outcome 
measures; see Fig. 2A for 4th grade estimates). 

9.1. Expansion of fraction Ball through the DBIR/RCT approach 

Through our DBIR approach to intervention refinement and design, 
we made substantial improvements to the program, which strengthened 
its impacts even when implemented at a larger scale, compared to the 
first iteration administered at a single site where greater control is 
possible (Bustamante et al., 2022). Specifically, compared to our pre
vious smaller-scale evaluations using within classroom randomization, 
we find that impacts in the current study were larger for number line 
estimation subtests and fraction and decimal addition (See Figs. 1 and 2; 
Also, see Bustamante et al., 2022). Impacts for our other subtests are 
comparable to those of our pilot, although our error terms are smaller. 
Although we cannot attribute these changes to specific modifications in 
the intervention, we attribute these improvements to the methodolog
ical approach of centering educators’ voices in the process of co- 
designing our intervention, resulting in significant changes in the 

Fig. 2. Current Study Posttest Treatment Estimates by Standardized outcome. Note. Estimates represent regression coefficients for treatment status. The estimates can be 
interpreted as standardized treatment effects in pooled by grade level SDs of the control group. Models are specified using clustered standard errors by teachers, 
controlling for pre-test average composite and grade level (N = 316). Bars show 95 % confidence intervals. * p < 0.05, ** p < 0.01, *** p < 0.001. 
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content, delivery, design, and dosage of Fraction Ball. 
Another study by Yeager et al., (2016) employed a method akin to 

the two-step approach of DBIR and RCT. In their study, researchers met 
with their users both one-on-one and in groups (comprising 2–10 9th 
graders) and then piloted their intervention revisions with a small group 
of 20–25 9th graders. The objective was to refine an existing two-session 
self-administered intervention aimed at enhancing growth mindset. 
Yeager et al., (2016) examined five distinct features derived from these 
meetings in a multi-arm RCT with 3,004 MTurk participants. Subse
quently, they included factors that demonstrated positive impacts in 
their revised intervention. In a follow up study administered at school 
sites, with a census of 7,501 9th graders, they found that the revised 
intervention outperformed the original intervention across various 
growth mindset measures. 

It is laudable to engage in rapid causal testing with large samples 
through multi-arm RCTs, utilizing MTurk to evaluate which design 
factors lead to improvements. We used a similar approach to develop a 
school-based intervention. Fraction Ball originated by centering a local 
school’s needs–to paint a basketball court and tackle persistent student 
challenges with rational number concepts (Bustamante et al., 2022). 

The challenge arises in reconciling community needs with the 
methodological rigor of an RCT. For instance, the largest adaptation 
came from the expansion of the Fraction Ball program from exclusively 
outdoor activities to adding six in-classroom activities. The extension to 
the classroom afforded the co-design team opportunities to address 
major concerns educators had about the program. For example, pre
paring students to play the Fraction Ball games before they go outside 
and integrating concrete, rational number concepts presented on the 
court with more abstract procedures presented in the classroom. The 
role of “tracker” was a teacher adaptation that supported this connection 
between the court and the classroom by encouraging children to collect 
data during game play and allowing for the games on the court to 
accommodate more students. Yet, when we implement RCTs to evaluate 
the impact of our design adaptations, we allow for teacher flexibility and 
autonomy that RCTs traditionally discourage and frame as threats to 
internal validity. For example, teachers may opt to break a lesson into 
two separate lessons or skip certain components of activities if they are 
not a strong fit with their students. Instead of discouraging teacher ad
aptations or framing them as poor implementation fidelity, we docu
ment them and interview teachers to understand their rationale. These 
qualitative insights undergo thematic analyses and we apply our 
learnings into future iterations of the curriculum. Resulting qualitative 
evidence is reported to provide readers with rich descriptions of teach
ers’ and students’ experiences, context, and needs, which provide op
portunities for making conjectures and theorizing about learning 
principles and the factors involved in scaling (Lawrence et al., 2023). 

9.2. Contributions of results to the broader literature 

A plausible mechanism for students’ improvements in magnitude 
understanding comes from embedding concrete representations of the 
number line on the court and in the classroom. As the integrated theory 
of the number line predicts (Siegler et al., 2011), students may have 
engaged in making connections between non-symbolic and symbolic 
knowledge and, in turn, developed more accurate mental representa
tions of whole numbers and fraction/decimal magnitudes along a 
mental number line. These possible cognitive changes are reflected in 
our data showing Fraction Ball students’ performance increased in 0 to 1 
and 0 to 5 number line estimation. Processes of association and 
analogical reasoning are deeply involved in building mental schemas 
that integrate whole numbers and fractions (Braithwaite & Siegler, 
2021). 

Analogical reasoning theories posit that reasoners build mental 
conceptual schemas by mapping and aligning from a familiar repre
sentation to a less familiar representation by comparing and contrasting 
cases (Begolli & Richland, 2016; Gentner, 1983; Gick & Holyoak, 1983; 

Star et al., 2016). In Fraction Ball, students are expected to map the 
physical magnitudes visible on the court and the life-size number line to 
the fraction and decimal symbols that represent them. Additionally, the 
fraction and decimal notations were placed side-by-side, affording stu
dents opportunities to map between the equivalent magnitude repre
sentations in the two notation formats. These theories are corroborated 
with evidence that Fraction Ball students improved their ability to add 
fractions with decimals and convert between fractions and decimals. 

The combination of concrete and abstract representations enabled by 
in-class activities and the “tracker” role, align with several areas of 
psychological research on learning. There is ample evidence indicating 
that including both concrete and abstract representations leads to larger 
learning gains in mathematics compared to interacting with only ab
stract or only concrete representations (Fyfe et al., 2012; Goldstone & 
Son, 2005; Kokkonen & Schalk, 2021). However, making connections 
between two or more representations is challenging. This complexity 
likely arises from the potential demand on executive function resources 
required to maintain these representations in mind and the prior 
knowledge required to identify alignments and misalignments (Begolli 
et al., 2018). Thus, instructional supports that make explicit connections 
between representations are often needed for most reasoners to suc
cessfully build mental schemas and avoid potential misconceptions 
(Begolli & Richland, 2016; Richland et al., 2007). 

It may be the case that rich instructional supports embedded in 
Fraction Ball leveled the playing field between students with lower and 
higher prior knowledge, suggesting our intervention accounted for 
varied student abilities. In particular, we posit that in-class activities and 
the “tracker” sheet and role served to elucidate the connections between 
abstract and concrete representations and in turn conceptual and pro
cedural knowledge, in several ways. For example, the tracking sheet 
supported students to draw a connection between the concrete Fraction 
Ball design on the court and its abstract representation on the tracking 
sheet. In turn, this may have facilitated students drawing connections 
between multiple abstract and concrete representations of fractions and 
decimals, such as requiring them to translate fraction magnitudes on the 
court, to number lines (on court and in-class), summary tables (in-class), 
and addition procedures (in-class). Moreover, to reinforce these con
nections, activities were sequenced to cycle between the court (rich in 
concrete representations) and the classroom (rich in abstract represen
tations), in turn reinforcing students’ conceptual and procedural 
knowledge in a cyclical fashion (Rittle-Johnson et al., 2001). 

Overall, Fraction Ball draws from multiple learning principles, and 
with our data and design, it was not feasible to isolate specific compo
nents that explained student learning. Future studies should disentangle 
possible mechanisms that impact learning for program improvement. 

Understanding how interventions affect student outcomes more 
broadly and across studies has been challenging with diverse researcher- 
developed measures (as exemplified by Kraft, 2020) and distinct student 
populations. To provide context for the magnitude of our impacts, we 
juxtapose our effect sizes with relevant preceding interventions. For 
instance, Fazio et al.’s (2016) intervention involving fraction number 
lines was less intensive, encompassing a 15-minute training session and 
they found an improvement ranging from 0.13 SDs to 0.58 SDs. This 
range is similar to some of our findings, although the tasks in our current 
study are more distanced from the intervention in terms of their format, 
context, and timing. 

On the other hand, in a 12-week (36-unit) intensive intervention 
carried out by grant contracted tutors, Fuchs et al. (2016) observed 
impacts of around one standard deviation in number line estimation, 
between one and 2.5 standard deviations in fraction calculation, and 
between 0.4 and 0.9 standard deviations on a selection of pertinent 
problems derived from the National Assessment of Educational Progress. 
These impacts likely reflect the considerable intensity and efficacy of 
these programs (which consisted of direct instruction, high dosage, and 
grant funded non-school staff to deliver the intervention), along with the 
alignment of the program’s content with some of the outcomes. 

K.N. Begolli et al.                                                                                                                                                                                                                               



Contemporary Educational Psychology 78 (2024) 102296

12

9.3. Limitations 

From a mechanistic approach, the primary limitation of this work 
stems from what is also a strength of the work – an intervention with 
deeply integrated components. This meant that the relationship between 
specific intervention components added to the current iteration could 
not be directly linked to the stronger measured effects, though we 
acknowledge this would be useful for broader RCT interventions focused 
on disentangling the causal factors underpinning the learning gains. 

In addition, we did not have the opportunity to explore the socio
cultural context for the results and context variations seem to differ in 
how they prompt students’ motivation (Yeon Lee et al., 2024). Impor
tantly, both sexes improved from our intervention, but male students 
improved more than their female counterparts. One possibility is that 
sociocultural factors including, perhaps, popular perceptions of 
basketball as a male dominant sport may have waned the engagement 
levels and in turn softened the impacts of the intervention for females. 
To promote higher engagement for female students, in the current 
iteration of Fraction Ball, students were introduced to the Women’s 
National Basketball League (WNBA) and watched short clips of the 
WNBA and estimated the value of shots pretending they were playing on 
a Fraction Ball court. Although we do not have data to investigate all 
sociocultural factors, in related work, we found no sex differences on the 
impacts of Fraction Ball on students’ emotions toward math (Guo et al., 
2024). Further, in our pilot study, we did not find that sex moderated the 
impacts of the intervention (Bustamante et al., 2022). Given our lack of a 
priori hypothesis about moderation by sex and these previous findings, it 
is possible this interaction was a false positive. Still, future iterations of 
the program should proactively promote intervention features that 
support engagement for female students. 

10. Conclusion 

This study serves as a model for how to develop interventions that 
capitalize on accumulated knowledge from psychological science and 
integrate it with educators’ on-the-ground expertise and experience. 
Whereas this is typical in DBIR, few interventions created using co- 
design are subsequently evaluated using rigorous methods like RCTs, 
questioning the causal links and limiting large-scale dissemination and 
the generalizability of the theoretical insights derived. In contrast, our 
RCT evaluation has the potential to provide important insights into the 
interplay of cognition within authentic school settings influenced by 
dynamic social, cultural, and structural factors. This study offers a 
rigorous methodological approach for leveraging insights from psy
chological science and integrating with pedagogical practices through 

co-design to align theory and practice within impactful interventions in 
real-world contexts. 
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Appendix A  

Table A1 
Descriptive Statistics for Demographic Variables and Raw Scores of Outcomes by Grade.   

Grade 4 a, b Grade 5c, d  

Full Control Intervention Full Control Intervention 

Variable M SD M SD M SD M SD M SD M SD 

Pre-tests             
Timed fraction to decimal conversion 6 % 16 % 3 % 7 % 9 % 19 % 15 % 28 % 29 % 35 % 3 % 10 % 
Timed decimal to fraction conversion 20 % 23 % 17 % 20 % 22 % 25 % 19 % 25 % 24 % 25 % 13 % 24 % 
Timed fraction addition 45 % 26 % 41 % 24 % 49 % 28 % 51 % 32 % 58 % 32 % 45 % 31 % 
Untimed fraction to decimal conversion 5 % 14 % 2 % 7 % 7 % 17 % 14 % 27 % 27 % 32 % 2 % 10 % 
Untimed decimal to fraction conversion 44 % 47 % 35 % 44 % 50 % 48 % 31 % 40 % 38 % 40 % 25 % 40 % 
Untimed fraction and decimal addition 19 % 32 % 15 % 27 % 23 % 35 % 33 % 43 % 58 % 47 % 11 % 22 % 
PAE fraction number line 0 to 1 23 % 18 % 27 % 18 % 21 % 19 % 19 % 16 % 16 % 17 % 21 % 15 % 
PAE fraction number line 0 to 5 29 % 15 % 30 % 14 % 28 % 16 % 26 % 16 % 20 % 15 % 31 % 15 % 

(continued on next page) 
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Table A1 (continued )  

Grade 4 a, b Grade 5c, d  

Full Control Intervention Full Control Intervention 

Variable M SD M SD M SD M SD M SD M SD 

Post-tests             
Timed fraction to decimal conversion 16 % 29 % 5 % 12 % 24 % 34 % 29 % 36 % 40 % 41 % 19 % 28 % 
Timed decimal to fraction conversion 26 % 28 % 16 % 22 % 33 % 30 % 32 % 32 % 42 % 38 % 24 % 24 % 
Timed fraction addition 56 % 23 % 51 % 23 % 59 % 22 % 56 % 33 % 64 % 35 % 49 % 30 % 
Untimed fraction to decimal conversion 27 % 39 % 8 % 22 % 42 % 43 % 42 % 40 % 43 % 43 % 41 % 37 % 
Untimed decimal to fraction conversion 46 % 46 % 33 % 46 % 55 % 45 % 50 % 46 % 60 % 46 % 42 % 45 % 
Untimed fraction and decimal addition 33 % 39 % 16 % 29 % 45 % 42 % 49 % 42 % 58 % 44 % 41 % 39 % 
PAE fraction number line 0 to 1 20 % 18 % 25 % 18 % 16 % 17 % 14 % 14 % 14 % 14 % 14 % 15 % 
PAE fraction number line 0 to 5 24 % 15 % 29 % 15 % 20 % 14 % 21 % 15 % 16 % 13 % 25 % 15 % 

Note. PAE = percent absolute error. 
a Grade 4 Pre-test: Full N = 208, Control N = 87, Intervention N = 121. 
b Grade 4 Post-test: Full N = 202, Control N = 86, Intervention N = 116. 
c Grade 5 Pre-test: Full N = 134, Control N = 64, Intervention N = 70. 
d Grade 5 Post-test: Full N = 132, Control N = 61, Intervention N = 71.  

Table A2 
Summary Statistics of Fraction Ball Standardized Scores of Outcomes.   

Full Sample Control Treatment   

Construct N Mean SD N Mean SD N Mean SD b p 

Pre-tests            
Overall composite 342  − 0.00  0.71 151  0.08  0.78 191  − 0.06  0.64  − 0.14  0.60 
Near transfer composite 342  0.00  0.66 151  0.07  0.73 191  − 0.06  0.60  − 0.13  0.62 
Far transfer composite 342  0.00  0.67 151  0.08  0.75 191  − 0.06  0.60  − 0.14  0.56 
Post-tests            
Overall composite 334  0.00  0.85 147  − 0.11  0.87 187  0.08  0.82  0.19  0.54 
Near transfer composite 334  − 0.00  0.84 147  − 0.16  0.83 187  0.12  0.82  0.28  0.34 
Far transfer composite 334  − 0.00  0.72 147  0.02  0.78 187  − 0.01  0.68  − 0.03  0.92 

Note. p-value is based on a two-tailed t-test comparing treatment and control group on each variable, clustering standard errors by teacher. The N in the Construct 
section refers to the total sample possible, including student attrition. Pre-test raw scores were standardized using the average grade standard deviation from Grade 4 
and Grade 5. Post-test raw scores were also standardized using the average grade standard deviation but from the control group only. Indices are only shown as 
standardized scores to facilitate interpretation as they contain raw scores and reverse scored natural log transformations of the percent absolute error (PAE) from the 
number line items.  

Table A3 
Estimated Treatment Effects from General Linear Mixed Models (Nteachers = 16).   

Sample with Post-test: 
No Covariates 
(Nstudents = 334) 

Pretest Average Composite & Grade Covariates 
(Nstudents = 316) 

Not Missing 90 % of Post Untimed Test & Covariates 
(Nstudents = 314) 

Standardized Post-test Outcome b (SE) p b (SE) p b (SE) p 

Overall composite  0.25 (0.28)  0.36  0.36 (0.10)  0<.01**  0.35 (0.11)  0<.01** 
Near transfer composite  0.33 (0.26)  0.20  0.43 (0.10)  0<.001***  0.43 (0.10)  0<.001*** 
Far transfer composite  0.03 (0.24)  0.89  0.12 (0.10)  0.24  0.11 (0.10)  0.27 
Timed fraction to decimal conversion  0.20 (0.41)  0.63  0.34 (0.15)  0.02*  0.34 (0.15)  0.02* 
Timed decimal to fraction conversion  0.17 (0.31)  0.58  0.29 (0.11)  0.01**  0.29 (0.11)  0.01** 
Timed fraction addition  − 0.03 (0.21)  0.89  0.02 (0.15)  0.89  0.01 (0.15)  0.97 
Untimed fraction to decimal conversion  0.62 (0.36)  0.09  0.76 (0.18)  0<.001***  0.76 (0.19)  0<.001*** 
Untimed decimal to fraction conversion  0.18 (0.25)  0.46  0.28 (0.11)  0.01*  0.29 (0.11)  0.01* 
Untimed fraction and decimal addition  0.31 (0.33)  0.34  0.46 (0.17)  0.01**  0.45 (0.17)  0.01** 
Reversed natural log of PAE 0 to 1  0.36 (0.25)  0.14  0.43 (0.15)  0.01**  0.42 (0.16)  0.01** 
Reversed natural log of PAE 0 to 5  0.20 (0.30)  0.49  0.27 (0.12)  0.02*  0.27 (0.11)  0.02* 

Note. Models are specified using random intercepts at the teacher level. Percent absolute errors (PAE) on the number lines were transformed using natural log and 
reverse coded so that positive scores indicate better performance. Standardized scores are reported to allow for comparison across measures. The post-test standardized 
scores were calculated using the average grade standard deviation for the control group. The covariate is the average z-score of child performance on the pretests using 
the average grade standard deviation for all participants. Adjusted standard errors are in parentheses. The second model is our pre-registered model (https://osf. 
io/kjqmz) with pretest average composite & grade covariates. * p < 0.05, ** p < 0.01, *** p < 0.001. 
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Table A4 
Generalized Linear Mixed Model with Posttest Overall Composite as the Outcome (Nteachers = 16).   

Baseline Model 
(Nstudents = 334)  

Full Sample 
No Covariates 
(Nstudents = 334)  

Pretest Average Composite & 
Grade Covariates 
(Nstudents = 316)   

Not Missing 90 % of Post 
Untimed & Covariates 
(Nstudents = 314) 

Variable b (SE) p  b (SE) p  b (SE) p   b (SE) p 

Fixed Effects                 
Intercept  − 0.02 (0.14)  0.89   − 0.15 (0.20)  0.46   − 0.23 (0.08)  0.01**    − 0.22 (0.08)  0.01** 
Treatment      0.25 (0.28)  0.37   0.36 (0.10)  0<.001***    0.35 (0.11)  0<.001*** 
Pretest average 

standardized 
score          

0.96 (0.04)  0<.001***    0.95 (0.04)  0<.001*** 

Grade          0.07 (0.09)  0.46    0.07 (0.10)  0.50 
Error Standard 

Deviation                 
Teacher Intercept  0.55 (0.10)  0<.01**   0.54 (0.10)  0<.001***   0.18 (0.04)  0<.001***    0.19 (0.04)  0<.001*** 
Residual  0.64 (0.03)  0<.001***   0.64 (0.03)  0<.001***   0.42 (0.02)  0<.001***    0.42 (0.02)  0<.001*** 
Intraclass 

correlation  
0.43 (0.09)    0.42 (0.09)    0.16 (0.06)     0.17 (0.07)  

Note. Models are specified using random intercepts at the teacher level. Standardized scores are reported to allow for comparison across models. The average posttest 
composite is the mean z-score of the eight subtests using average grade standard deviations for the control group. The pretest average standardized score is the mean z- 
score of the eight subtests using average grade standard deviations for all participants. Adjusted standard errors are in parentheses. The third model is our pre- 
registered model (https://osf.io/kjqmz) with pretest average composite & grade covariates. * p < 0.05, ** p < 0.01, *** p < 0.001.  

Table A5 
Estimated Treatment Effects using Full Information Maximum Likelihood for Missing Data.   

Full Sample Pretest Average Composite& Grade Covariates 

Standardized Post-test Outcome b (SE) p N 

Overall composite  0.37 (0.10)  0<.001*** 360 
Near transfer composite  0.44 (0.09)  0<.001*** 360 
Far transfer composite  0.12 (0.09)  0.18 360   

0.34 (0.13)  0.01* 360 
Timed decimal to fraction conversion  0.26 (0.10)  0.01* 360 
Timed fraction addition  0.07 (0.15)  0.64 360 
Untimed fraction to decimal conversion  0.78 (0.18)  0<.001*** 360 
Untimed decimal to fraction conversion  0.28 (0.12)  0.02* 360 
Untimed fraction and decimal addition  0.47 (0.16)  0<.01** 360 
Reversed natural log of PAE 0 to 1  0.45 (0.14)  0<.01** 360 
Reversed natural log of PAE 0 to 5  0.27 (0.11)  0.01* 360 

Note. Percent absolute errors (PAE) on the number lines were transformed using natural log and reverse coded so that positive scores indicate better 
performance. Standardized scores are reported to allow for comparison across measures. The post-test standardized scores were calculated using the average 
grade standard deviation for the control group. The covariate is the average z-score of child performance on the pretest using the average grade standard 
deviation for all participants. Clustered standard errors by teachers are in parentheses. * p < 0.05, ** p < 0.01, *** p < 0.001.  

Table A6 
Estimated Treatment and Treatment by Moderator Effects with Controls on Overall Composite.  

Models b (SE) p N 

Grade Model     
Treatment  0.34 (0.15)  0.04* 316 
5th grade X treatment  0.08 (0.19)  0.68 316 
5th grade  0.04 (0.14)  0.75 316 
Pretest average standardized score  1.00 (0.06)  0<.001*** 316 
Prior Knowledge Model     
Treatment  0.23 (0.12)  0.08 316 
Above average prior knowledge X treatment  0.28 (0.15)  0.08 316 
Above average prior knowledge  − 0.12 (0.13)  0.35 316 
5th grade  0.12 (0.09)  0.21 316 
Pretest average standardized score  0.97 (0.09)  0<.001*** 316 
Sex Model     
Treatment  0.49 (0.11)  0<.001*** 301 
Female X treatment  − 0.21 (0.09)  0.03** 301 
Female  0.05 (0.03)  0.17 301 
5th grade  0.10 (0.08)  0.26 301 
Pretest average standardized score  0.97 (0.05)  0<.001*** 301 

Note. The beta predictors are based on two separate models with average composite score as the outcome on treatment with controls for 
pretest average composite and grade plus respective interaction terms and main effects (treatment X grade; treatment X prior knowledge; 
treatment X sex). Standardized scores are reported to allow for comparisons across models. Clustered standard errors by teacher are in 
parentheses. In the Grade Model, 4th grade is the reference category. In the Prior Knowledge Model, below average prior knowledge is the 
reference category. The interaction remains non-statistically significant when using prior knowledge as a continuous variable. However, the 
effect of treatment, which was non-statistically significant becomes statistically significant when using the continuous variable (b = 0.37, SE 
= 0.10, p = 0.002). In the Sex Model, male is the reference category. * p < 0.05, ** p < 0.01, *** p < 0.001. 
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Fig. A1. Total Correct for Pre and Post-Tests by Teacher and Treatment  

Note. Total correct is the sum of correct items across the eight subtests (44 items). For the number line estimation items, the items were scored as 
correct if the PAE was less or equal to 0.10, which means the error was within 10 %. The circles represent the average total correct for each teacher (N 
= 16) at pre- and post-test by treatment status. Bars show 95 % confidence intervals. 
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Fig. A2. Post-test Treatment Estimates on Overall Composite Score by Subgroup  

Note. Estimates represent regression coefficients for treatment status on the overall composite score at post-test. The estimates can be interpreted as 
standardized treatment effects in pooled grade level SDs of the control group. Models are specified using clustered standard errors by teachers, 
controlling for pre-test average composite and grade level (N = 316 for grade and prior knowledge subgroups, N = 301 for sex subgroups). A median 
split on the pre-test average composite was done to create below and above average prior knowledge groups. Bars show 95 % confidence intervals. * p 
< 0.05, ** p < 0.01, *** p < 0.001. 
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Appendix B: Teacher activity guide 
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